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A new approach for formation flight control of multiple aircraft is presented. Constraint forces are used to derive
the dynamics of a constrained, multibody system. A stable, distributed control algorithm is designed based on the
information flow graph for a group of aircraft. The aircraft will achieve a particular formation while ensuring an
arbitrarily small bounded navigation tracking error with parameter uncertainties of the entire group. It is assumed
that uncertainty exists in the drag coefficient of each aircraft. An adaptation algorithm is developed to compensate
for the uncertainty and estimate the drag coefficient. The advantage of the proposed distributed control algorithm is
that it allows the addition/removal of other aircraft into/from the formation seamlessly with simple modifications of
the control input. Furthermore, the algorithm provides inherent scalability. Simulations were conducted to verify the

proposed approach.

L

HE problem of autonomous formation flight is an important

research area in the aerospace field. Multiple aircraft flight in
formations with defined geometries leads to many advantages and
applications, for example, energy saving from vortex forces [1] and
fuel efficiency via induced drag reduction [2]. Formation flying can
also be used for airborne refueling and quick deployment of troops
and vehicles. Moreover, many aircraft involved in a mission can be
better managed if they fly in a specific formation rather than in an
undefined structure.

The main goal of formation flight of multiple aircraft is to achieve a
desired group formation shape while controlling the overall behavior
of the group. Most of the formation flight strategies consist of
variations in the leader/wingman formation [3-5], that is, a lead
aircraft is chosen to direct the formation and all other wingmen are
expected to maintain a fixed relative distance with respect to the lead
aircraft. Formation control of linear aircraft models using a
proportional-integral-derivative controller has been studied by
Proud et al. [3]. In Giulietti et al. [4], two different leader/wingman
structures were presented: leader mode and front mode. In the leader
mode, each wingman takes the trajectory reference from the leader,
whereas, in the front mode, each aircraft takes its reference from the
preceding aircraft. To overcome the limitation of the leader/wingman
strategy, Giulietti et al. [6] later proposed a strategy in which each
aircraft is not required to keep its position with respect to the
formation leader, but an imaginary point in the formation. In Singh
et al. [5], invertibility of input—output maps and control system
design for nonlinear formation flying were considered. In addition to
research on aircraft formation flight, there have also been a number of
studies on coordinating multiple mobile robots and spacecraft.
Although the applications are different, the fundamental approach to
coordination of multiple aircraft, mobile robots, and spacecraft is
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similar. Numerous control schemes have been proposed for the
multi-agent coordination problem. Several surveys of the literature in
cooperative control have taken a broad view (see, for instance,
Murray [7] and references therein).

A popular approach to achieve coordination of multiple vehicles is
to consider the mechanical nature of the vehicles and shape the
dynamics of the formation using potential fields. Coordinated control
using potential functions can be found in Leonard and Fiorello [§],
Olfati-Saber and Murray [9], and Ogren et al. [10]. The basic idea in
these studies is to create an energy-like function (potential function)
in terms of the distance constraints between vehicles and use the
negative gradient of the potential function as arestoring force on each
vehicle to achieve coordination. In Leonard and Fiorello [8], an
approach for distributed control of multiple agents by using artificial
potential functions and virtual leaders was given. Each individual
agent behaves according to the interaction forces generated by
sensing the positions of neighboring agents. In addition to the
intervehicle potential fields, local potential fields associated with
virtual leaders are introduced. In Olfati-Saber and Murray [9], a
specific potential function, which is a function of the distance
constraints of the desired formation, is used. Formation stabilization
and tracking for multiple vehicles is also considered in Olfati-Saber
and Murray [11], where a separation principle that decouples
structural stabilization from navigational tracking is applied. The
idea of artificial potential functions for obstacle avoidance is applied
to robot navigation and control in Rimon and Koditschek [12].
Extension of the work of Rimon and Koditschek [12] to multiple
vehicles with kinematic models can be found in Dimarogonas et al.
[13]. Instead of relying on repelling potential forces, Chang and
Marsden [14] presented a control law for multiple systems based on
gyroscopic forces for collision and obstacle avoidance; the
gyroscopic forces are used for obstacle avoidance without affecting
the global potential function. An approach called the virtual structure
method for spacecraft formation flying can be found in [15].

The new approach for formation flight of multiple aircraft
presented in this paper uses the theory of constraint forces to build a
formation from arbitrary initial conditions for the aircraft. The idea of
constrained dynamics for a system of multiple bodies with
constraints is that the description of the system not only includes the
external forces acting on the bodies, but also the constraint forces
which limit the motion of the system to be consistent with the
constraints. The constraints on the system are imposed by adding a
set of forces to the governing equations, which keep formation
separation constraints satisfied for all time [16,17]. The key idea of
the proposed work is to use the theory of constraint forces to
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determine the total force required on each aircraft to maintain the
formation separation. The force required to maintain the constraints
for formation of a group of aircraft is calculated directly. A
centralized control strategy with full information for formation of a
group of vehicles using the notion of constraint forces was given in
Zou and Pagilla [18]. This paper describes a scalable, distributed
control strategy for aircraft formation.

In the potential (or penalty) function approach, the square of the
constraint function (or some other appropriate positive function of
constraints) is treated as a potential energy. A formation-keeping
force that is proportional to the gradient of the potential energy is
used. Because these restoring forces, which rely on displacements,
are regular forces, they compete with every other applied force. The
advantage of the constraint force approach is that the calculated
constraint forces cancel only those applied forces that act against the
constraints. The main contribution of this paper is in the development
of a stable, scalable, and distributed control algorithm for multiple
aircraft using constraint forces that will simultaneously achieve, and
maintain, a given formation together with tracking of a desired group
trajectory. Moreover, the control algorithm is adaptive in the sense
that the uncertain drag coefficient of each aircraft is estimated by an
adaptive algorithm.

The rest of the paper is organized as follows. Section II gives the
nonlinear model for each aircraft. In Sec. III, the distributed
constraint force approach for the coordination of multiple aircraft is
developed. First, to illustrate the method, a stable control algorithm
that will achieve and maintain a desired distance between two aircraft
is designed based on the virtual constraint force between them. Then,
a stable, distributed control algorithm is proposed for an arbitrary
number of aircraft with a given information flow pattern between
aircraft. Section [V gives simulation results on an example of three
aircraft. Conclusions and future work are given in Sec. V.

II. Aircraft Dynamics and Control System Structure

The nonlinear equations of motion for an aircraft over a flat,
nonrotating Earth are modeled by 12 state equations [19]. A common
control system strategy for an aircraft is a two-loop structure where
the attitude dynamics are controlled by an inner loop, and the position
dynamics are controlled by an outer loop. In the context of a group of
aircraft in formation, the outer loop also contains a controller that can
achieve and maintain the given formation. A schematic of such a
two-loop strategy is shown in Fig. 1. The outer-loop controller is
designed to track the given position commands and reach the desired
formation shape, using the lift ;, bank angle 1;, and engine thrust T
as the control inputs. The inner-loop controller is designed to follow
the desired attitude generated from the outer loop, using the virtual
control surface deflections of the aileron, elevator, and rudder.

The inner-loop design to control angular rates using control
surface deflections has been well studied in the literature [20-22].
For this reason, the outer-loop design, including the formation
controller, is focused on in this study. Itis assumed that the inner loop
is well designed to regulate the attitude of the aircraft. Therefore, the
following dynamic model containing only those state variables that
pertain to the outer-loop design is considered:

Xx; =V,;cos x;cosy; (1)
yi=Visiny;cosy (2)
l'.’i = V;siny, 3)

) ) 1
Vi:_gsml’i"‘;(Ti_Di) )

L;sin u;
=R ®)
m;V;cos y;
. 1

Vi= v (L;cos pu; — m;g cos y;) (6)
A group of n aircraft is considered, that is, i =1,2,...,n. The

coordinates x; and y; and the altitude h; specify the position of the
center of gravity of the ith aircraft in an Earth-based reference frame.
The orientation of the aircraft, that is, the direction of the velocity
vector, is denoted by the heading angle y;, flight-path angle y;, and
bank angle 1;. The heading angle is the angle between the projection
of the velocity vector onto the xy plane and the x axis. The angle
between the velocity vector and its projection onto the xy plane is the
flight-path angle. The bank angle is the angle between the aircraft lift
and weight force vectors. The aircraft velocity V; is assumed to be
equal to the airspeed. In Fig. 2, T; is the engine thrust, D, is the drag,
L, is the lift, m, is the aircraft mass, and g is the acceleration due to
gravity. The thrust depends on the altitude #;, velocity V;, and the
throttle setting 7; by aknown relationship 7; = T;(h;, V;, n;). Also, it
is assumed that the drag is a function of h;, V;, and L;, that is,
D; = Dy(h;, V;, Ly).

In the model, the engine thrust 77, the lift L;, and the bank angle ;
are the control variables for the aircraft. The drag can be expressed as
a function of a nondimensional drag coefficient Cp, in the following
form:
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Fig. 1 Flight control system structure
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Fig. 2 Three-dimensional geometry used to define variables in aircraft
model.

D; = %IOViZSiCDl @)

where §; is an aerodynamic reference area of the aircraft, and the
quantity p is the average density of air. Alternatively, the air density
could be considered as a function of altitude of aircraft. For
simplicity, the air density is assumed to be a constant. The drag
coefficient is assumed to have a nominal component and a
component which increases quadratically with the lift as given by

Cp, = Cp,, + K.C, ®)

where Cp,, is the profile drag coefficient, which is assumed to be a
constant, C; is the lift coefficient, and K ,-C%I is the induced drag.
Typical values for Cp,, for the whole aircraft are on the order of
0.003-0.02. Replacing the lift coefficient with the load factor, the
drag D; can be computed as

2

1 L’
D; =-pV?S,Cp, + 2K, —— 9
i 2l0 i D0,+ l,OVIZS, ()

It is assumed that aggressive maneuvering will not be necessary to
hold a desired formation and the aircraft will operate close to wing
level, steady-state flight. Therefore, any uncertainties in drag forces
will dominate and be most influential to the aircraft dynamics. To
compensate for uncertainties in drag, the coefficient Cp, is
considered to be an unknown parameter and is estimated with an
adaptive law.

Differentiating Eqgs. (1-3) with respect to time, and substituting
dynamics of V;, x;, and y; from Eqgs. (4-6), the dynamics of the
position of the aircraft are given by

V2S,Cp,.
%izUx,—%cosxicosyi (10)
pViSiCp,, .
Vi= vi—zio'sm)(icos% an
) m
. V?2S,C
hi=U, —%sm% (12)
m

i

where U,,, U,,, and U,, are the virtual control variables. If the virtual
control variables are known, the actual control variables can be
obtained using the following expressions [23]:

Uy, cos x; — U, sin x;
cos y;(Uy, + 8) — siny;(U,, cos x; + U, sin ;)
3)

He, = arctan(

€08 ViU, + ) —sinyi(Uy, cos x; + Uy, sin ;)
! COs fi,,

(14)

T, = mi[siny;(Uy, + g) + cos y,(U,, cos x; + U, sin x;)]
2

L:
2K, — 15
+ 2K s (15)

which is valid for bank angle commands, —7/2 < u. < /2. A four-
quadrant arctan function can be used to ensure a one-to-one mapping
of Eq. (13).

The prelinearized aircraft models of Eqs. (10-12) can be expressed
in the following form:

Gi=U; + A (16)

where ¢; =[x;,y;, h;]" € R* is the position, and U, =[U, ., U,,,
U, I" € R3is the control input. The uncertain quantity A; in Eq. (16)
can be expressed as A; = W,C, where W; € R™! is a known
function, given by
PVES;
— 5 COS X; COS Y;
v, = —’;Lni'sinx,-cosyi an
pV2S; .
— S siny;

Based on the prelinearized aircraft dynamics given by Eq. (16) for
each of the n aircraft, the goal is to design a distributed formation
controller that achieves and maintains a given formation, together
with tracking of a desired group trajectory under a given information
flow between different aircraft within the group.

III. Formation Controller Design

The formation structural topology of the aircraft group can be
defined as a formation graph, which can be used to study the relative
position of aircraft in the group by applying graph theory [24]. The
formation graph of n aircraft is defined as an undirected graph
G=,&),where V ={1,2,...,n}is afinite set of vertices (nodes)
in correspondence with the n aircraftin the group,and £ € V x Visa
set of edges (i, j) representing interaircraft position specifications.
The neighborhood set of the aircraft i, N; = {j|(i, ) € &, j # i},
includes all other aircraft which communicate with it. For simplicity,
the information flow graph and the formation graph are assumed to
be identical.

In the constraint force approach, geometric constraints are
imposed on the system of bodies (aircraft in this case) by adding a set
of constraint forces to the governing equations that keep the
constraints satisfied. The overall control input U; for the ith aircraft,
which is required to achieve/maintain the formation and track the
desired group trajectory, can be expressed as

Ui=Fi+Fr,- (18)

where F; is the applied force per unit mass, and F_, is the constraint
force per unit mass that limits the motion of the system to be
consistent with the constraints. To compensate for the uncertainties
in the model, the applied force F; is written as

Fi=F, —Fy 19)
where F,, is the navigational feedback control given as
F,, =Gy —cre; — €26, (20)

where ¢, and ¢, are positive constants, e; = g; — g4, and ¢; = ¢; —
qq, are navigational tracking errors, and g, ¢,., and g, are the
desired position, velocity, and acceleration, respectively. The
adaptive term F,q, is used to compensate for the uncertainties and is
given by

Foq, = ¥,Cp, Q1)

where C p,; 18 the estimate of Cp, ..
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First, the constraint force between a pair of communicating aircraft
will be designed. The application of such a force on each aircraft, in
addition to the applied force (both navigation and adaptive), will
ensure that the constraint is satisfied between the two aircraft.
Second, the distributed control algorithm for the entire group will be
developed based on the constraint force between a pair of
communicating aircraft.

A. Constraint Force Between a Pair of Aircraft

Consider a pair of aircraft i and j that share an edge in the
information flow graph, that is, (i, j) € £. Denote the constraint
corresponding to the (i, j) edge in the formation graph G = (V, £) by
¢:;(q;.q;) = O0forany (i, j) € £and i # j, with ¢;;(g;, g;) in some
specific form. Define the composite position vector of two
communicating aircraft by g;; = [¢], ¢7]" € R!. The constraint
function is defined as a function of distance between the two aircraft

Il g — q; Il,
¢ij(qij) =z(l g;: — qd; Il. dij)s

where d;; is the length of the edge (i, j), which is the desired distance
between the two aircraft in the formation. The structural constraint
for this pair of aircraft can be expressed as

¢ij(qij) =0 (23)

(i.j)eé (22)

Differentiating Eq. (22) once, we get the constraint velocity as

. . i (qi;) . .
$ii(qij, 4ij) = #%‘j = Ai(qi))qi; 24
ij
where
0¢i(qi;)
A;i(g;) = Tyt
1(ai)) 34,

is a specially structured 1 x 6 matrix called the constraint matrix,
which is in the form of

Aii(g;;) = [a,-Tj ajT,-] with a;; =—a; € R® (25)

For example, if the constraint function is defined as a function of the
Euclidean distance between two aircraft, ¢;;(¢;))= |l ¢; — q; |
—d;;, (i, j) € &, then the constraint matrix is given by

(Y= | bma)" _ @ima)”
Aijqy) = [ Tai—a1 Tai—a;1

Differentiating gﬁ[_,(qij,c'],«j) again, we get the constraint
acceleration as

‘%ij(qija q:’js éij) = Aij(qijv L?ij)qij +Aij(Qij)éij (26)
where
: . aéi'(q[Vq.i')
A’.A(ql..’ql..) :#
j\4ij» 4ij 86]ij

Assuming that the configuration ¢;; and the velocity ¢;; both have
the desired initial values, that is, ¢;;(¢};) = ¢;;(4%;. ¢)) =0, the
velocities and accelerations, respectively, that are consistent with the
constraints are given by

éij(‘]i,w 67;']') =0 (27)

ésij(qijv qi_jv qz,) =0 (28)

That s, if the subsystem of the two aircraft i and j begins its motion at
the position and velocity that is initially consistent with the
constraint, subsequent motion of the two aircraft satisfies the position
and velocity constraints if we ensure that the acceleration constraint

Eq. (28) is satisfied. Now, the natural question is, how do we ensure
that the acceleration constraint equation is met for all time? The
answer lies in finding the forces required to maintain the constraints,
which are called the constraint forces.

Based on the previous discussion of the notion of the constrained
dynamics, using Eqgs. (16) and (18-20) for the ith and jth vehicles,
the dynamics of the constrained system for the ijth pair of vehicles
can be written as

ijij = Fn,, + Fc,-j + (Aij - Fad,-j) (29)

where F,, = [FI. F,Q]T, F, = [FT, FLT/]T, Fu, = [F:di,FZd/]T, and
Aij = [Aiv Aj]T~

Substituting the constrained system dynamics (29) into Eq. (26),
we get

égij = A.ijq.ij + Aian,j + Aich,, + Aij(Aij - Fad,-j) (30)

Ignoring the uncertainties in the constraint dynamics, we use the
following nominal constraint dynamics to derive the constraint
forces:
it =Aygi; + A, + AGF, (31)
Setting Eq. (31) to be zero, the constraint force satisfies the
following equation:

Aij(qij)FC'i, = _Aij(qijs q.ij)‘?ij _Aij(qij)Fn” (32)

Equation (32) alone does not uniquely determine the constraint force,
because we have only one equation and six unknowns (the six
components of F, (.U). The widely used procedure in dynamics to
obtain the constraint forces uses the principle of virtual work [16],
which states that the constraint forces do not add or remove energy.
Therefore, to ensure that the constraint force does no work, we
require that FCTUc']i]- be zero for every g;; satistying ¢,;(g,;, g;;) = 0,
that is,
szjilij =0, V g €1{4;l4i(qi))gi; =0} (33)
From Eq. (33), it is clear that F,, must be orthogonal to the velocity
vector ¢;;. Since ¢;; must lie in the null space of A;;(g;;), the
constraint force F ,, must lie in the null space complement of A;;(g;;).
Thus, the vector F, satisfying Eq. (33) can be expressed in the form
Fc,-,- = AiTj(qij))‘ij (34)
where A;; is the Lagrange multiplier, which is obtained by
substituting Eq. (34) into Eq. (32):

Aij(qij)AiTj(Qij))‘ij = _A.ij(qijv i]ij)q.ij - Aij(qij)Fnl, (35)

The constraint force for aircraft i and j are then given by F, =
15, 83]F o, and F = (45, I;]F .,; Where I3 and g are the identity and
zero matrices, respectively, of dimension three.

The entire discussion on the development of the constraint forces
so far was based on the assumption that, at the start of the motion of
the aircraft, the constraint equations are satisfied. To consider
arbitrary initial conditions for the aircraft, which do not satisfy the
constraint equations, we will use the notion of feedback in the
constraint acceleration equation. This will account for the mismatch
in the initial condition and appropriately compute the constraint
force. A similar idea was used to prevent numerical drift in the
simulation of dynamic equations with constraints [25]. In the
application of cooperative control of a group of aircraft, we generally
require the desired formation of the group as well as navigation.
Instead of solving for ¢f‘;’m = 0 to determine the constraint force [18],
the following equation will be used:

= _kd¢ij - k)"ij (36)

i
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where k; and k are positive constants. Therefore, combining
Eqgs. (31) and (36) and simplifying using Eq. (34), the constraint force
vector for the two aircraft can be calculated based on the following
equations:

F., = AiTj(qij))‘ij (37
My = h iy 4y — Ay(a)F
ij= k+A,J(qlJ)A (qu) ij\dij»4ij)dij ij\gij) L n,;
- kd(bi_/(qz'js qij)] (38)

The constraint forces for aircraft i and j are then given by F,. =
(I3, 05]F., and F. = 95, I3]F,, . Note that the constraint forces on
the two aircraft satlsfy F, = —F . Because they are internal forces,
addition of the ith and ]th dynamlcs will result in cancellation of
these forces for the two-aircraft case.

We consider the following Lyapunov function candidate

—1 1757 ; 12 4 1pcl o
E;; = skeielie;; + skélié; + 3¢ +30Cpy, Co,, (39)
where T is a positive constant, e;; i =[e].el]" € R®, and CDOU =

[CDU CD(.] € R? with CD0 —CDO — Cp,, and CDU CDW
Cp,,- The derivative of E;; with respect to time is given by

E',-_,-=kcle +ke e,,+¢1/¢l1+FCDOUCDOU
From Eqgs. (30), (31), and (36), we have
bi= _kd(i’ij —khAij + Ay (Ajj = Faa) (40)

Substituting Egs. (29) and (40), and recognizing that é;; =
we obtain

qij — 9d;;»

Ej=keiélie;; + kélj[F,, + Fo, + (A — Fug) — Ga,]
+ (Isf_/[_kdﬁéi_; Fad,j)] + Fégo,, C~'DO,j
= keyéfey + kéli(F,, + Fe, — da,) + (i)ij(_kd(i)ij —kAij)

—khi; + Ay(Ay =

+ (ke + (i)iinj)(Aij —Fu,)+ Fég@;fél)u‘.,.

Substitution of F,, and . expressions from Egs. (20) and (34), and
noting that g, = (47, 5 ]7 is the desired navigation velocity, which
must satisfy qT Af; =0, we have

Ej;=keéliey; + kel (G,
+ (i)ij(_kdqaij —kA;;) + (keél; + ¢finj)(Aij —Fu,)
+TCh,, 5%
=—kcyélié kdq&,/ + kgl AT A —

—cre;— Cé;; + AL —4a,)

UAIJ)\’ +A1]q'ij(_k)‘ij)
+ (kész + ¢iinj)(Aij —Fu,)+ FC~‘1)0,,CDO,,
—kc,élié;; — kdq.slzj + (ké]; + (]Biinj)(Aij —Fu,)

~r &
+ FCDOij CDtnj

T

1 aj]witha;; then

Note that A;; can be expressed as A;; = [a] aj,

AND RATLIFF

. .7 ) . . _\piél)o,
Ejj = —kcyejie;; — kg + (keéj; + @A) A

+ FélT)oq éDm,
= —kcyél;é;; — kd‘f% + [keé] + d’ijaiTj kel + ‘/;ijaJTi]

\IJICD’ -
X 0 i| + 1"[CDn C1T>0,]

_\IJJCDUJ

CDUi

CDO/
= _kczégélj - kd¢lzj + [égof égoj]
[ —kWTs, — Wl a,; + TCp,
x g L @)
| —kWTé; — ¢ Wl a; + TCp

J i

To estimate the unknown parameters Cp,, and Cp, , we use the
gradient projection algorithm [26]. Consider a convex parameter set
I1; given by

Cp, € ILi<=|Cp, — pil <0; (42)

with p; and o; some given real numbers. Consider the function

c
P (CDO,)——[L

-1+ e,-:| (43)
where 0 <¢; <1 and g > 2. Consider the “smooth projection”
Proj(-), which will be used to estimate Cp,, while maintaining it in
H .

i

yi7 lf Pi < 0
N ! = .
Proj (Cp,,.y:) = Yis I if P;=0and Vpy; <0
Yi = %, ”2 y,, otherwise

(44)
where
IP(Cp )"
VPI = |: E DO’)]
aCDOl
is a column vector. Based on the smooth projection as just defined,
Cp,, is estimated by
CA'DOI = l""Proj(CA‘Dm, k¥le; + q.si_j\piraij)
=T'Proj(Cp, . kW] é; + ;W] (1. 93]AT (45)

and éonj is estimated by

Cp,, = T"Proj(Cp,, . kWTé, + ¢, W a)
= [ 'Proj(Cp,,, kT é; + ;W7 13, :]AT) (46)

where the corresponding projection for the jth aircraft is given by
replacing the index i by j in Eqgs. (42—44). Substitution of the
adaptation law in Eq. (41) gives

E.Az

i

—kc,é]ié kd¢>,] < (47)

Therefore, E;; is a Lyapunov function. As a result, e;;, é;;, db,« ;» and
C Dy, are bounded. From Egs. (39) and (47), we can conclude that é;;

and ¢;; are square integrable signals. Further, from the dynamics of
the constraint and the tracking error,

w . v,C
i = _kd¢i/ - k)w'j - Aij|: =D i| (48)



ZOU, PAGILLA, AND RATLIFF 117

. . ‘I/,-C~'
ei./’=_Cleij_Czezj+A,-Tj)\,~j— |:\p»éDol i| (49)

we can conclude that both ¢, ; and é;; are bounded. Therefore, ¢;; and
¢l ; converge (o zero asymptotlcally by invoking Barbalat’s lemma.
Further, we can show via direct calculation that ¢, ; and &;; are
bounded by differentiating Eqs. (48) and (49). Therefore, the signals
qﬁ, ; and é;; asymptotically converge to zero. From Egs. (48) and (49),
we can conclude thate,;, C Dy;» and c Dy, converge to the relationship
given by

ijo

1 (I +ATA N\ | W.Cp
e =—— 6 T l.~Dut (50)
¢ k W;Cp,,

Therefore, as expected, the position tracking error depends on the
uncertain parameter estimation error. The error can be decreased by
increasing ¢, . Moreover, from the definition of the constraint vector,

¢ij(qz'j): Il gi— q;j I _dij: [ (e; — ej) + (Qd,- - qdj) || _dz]

<|le;—e; |l (51

since || g4, — g4, | =d;;. Notethate; and e, are the first and last three
elements, respectlvely, of e;;. Equation (ﬂ ) indicates a relationship
between the tracking errors and the ability to maintain the distance
constraint for a pair of communicating aircraft; this is reasonable and
should be expected because any tracking error will result in an error
in keeping the desired distance between the two aircraft and vice
versa.

B. Distributed Control Algorithm for Multiple Aircraft

As in the previous section, we consider the applied force F; acting
on the ith aircraft to be given by Eq. (19), with the navigational
feedback control F,, given by Eq. (20), and the adaptive control Fq,
given by Eq. (21). Takmg into consideration the communication
between different aircraft in the group as per the information flow
graph, the adaptation law for the drag coefficient is given by

C b, = I'Proj (k\IJ,Téi NI ALS ¢3]A1Tj) (52)
(i.j)e€
The constraint force acting on the ith aircraft is chosen as the total

constraint force contribution from all aircraft that directly
communicate with it, that is, F', is given by

F, = Z[[ss%]Af,')w (53)

(i,))e€

1
)‘i_j k+A AT( At[qu

ijerij

At Fnlj - kd¢l}) (54)

Notice that the choice of the total constraint force of this form allows
addition and/or removal of aircraft from the group by simply adding
and/or removing the constraint force term corresponding to the
vehicle added/removed from the group. Therefore, the proposed
constraint force algorithm is scalable, that is, the complexity of the
constraint force grows gracefully with the number of vehicles and the
complexity of the communication graph .

To show that the proposed control input tracks the desired
navigation trajectories and achieves, and maintains, the given
formation, we consider the following composite Lyapunov function
candidate:

= %i kciele; + %g keTe;
T3 Z >

i=1 (i,j)e&,j>i

I <N =
+§; I'Ch, (55)

The derivative of E with respect to time is given by

E= kCIZ€€+kZ€€+Z Z d’i_iét’j

i=1 (i,j)e&.j>i

+ Z FCDlli CDm

i=1

n n
=key Y elei+ kY el (G — da)
i=1 i=1

+ Z Z ‘i’ij(Aij‘.Iij + A;G;) + Z réDo,»éDo[

i=1 (i,j)€€.j>i i=1

Substituting the control law (18) and the dynamics of the aircraft (16)
into E, and simplifying, we get

E=tke, Y élei+kYy eT(F +F. —dq)
i=1 i=1

+ Z Z éij(A'[jq.ij +A;F,, +A;F.)

i=1 (i,j)eE.j>i

+Z Z éiin_/(Aij_

i=1 (i,j)€E.j>i

Fo,) + k) él(A; = Fu)
i=1

+ Z FCDm CDlli

i=1

Upon simplification, we can write E as

E=—keY -ty Y
i=1

=1 (i.j)et.j>i
n
wh(yirr. -
i=1

> 2 (ﬁ[_,-k,-,-)—qu'gtii
i=1
» : w,Cy,
-5 % i al ]

i=1 (i.j)e& j>i
i=1 (i,j)e€.j>i

n
— kY WGy,
i=1

InEq. (56), we can show that the third and fourth terms are identically
equal to zero. Note that

Z‘?TFC; - Z Z (i)ij)‘ij
i=

+3°TCp, o, (56)
i=1

i=1 (ij)e€.j>i
n
_qu Z (I3, 85]AT; A Z Z Aijdijhi)
i=1 (i,j))e€ i=1 (i,j)e&,j>i
—Z > alaghy Z > (algi+alignhy
i=1 (ij)eE i=1 (i.j)et.j>i

Since A;; = Aj;, we have

n

Yo Y (aldi+ahgh;=

i=1 (i,j)e€.j>i

n
Z Z aiqu'i)\ij

i=1 (ij)es

Thus, we have

ZCI Z Z ¢Eij)‘i/'=0 (57

i=1 (i,j)e€.j>i

Further, since ¢, is the desired velocity, it must satisfy qT Al =0
for any i # j. Hence,
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n

ZQQFC‘JZZ Z qd Al =
i=1

i=1 (i,))€j>i

Therefore,
)
= —kLZZe é; kd Z lox
i=1 (i,j)e€.j>i

- Z Z ((isijégg, “I}['Taij + ‘i’jiélT)o_, ‘Ij./raﬁ)

i=1 (i,j)e€,j>i

—k Z Ch, e, + Z I'Cp, 5,)0,

i=1 i=1

Z—kczze é; _kdz Z ¢121_Xn: Z (i)ijélT)m\ljfTaij

i=1 (i,j)e&.j>i i=1 (i,j)e€

Y Ch e+ Y TGy, G, 58)

i=1 i=1

Using the adaptive law (52), we have

:—kCZZee—de Z t}'),/_ (59)

i=1 (i,j)e€.j>i

Using the same arguments as in the previous section, we can
conclude that all signals are bounded, the signals ¢; and (i),-_,-
asymptotically converge to zero, and e; and ¢;; are bounded by a
function of the parameter estimation error, similar to Eq. (50). The
results of this section are summarized in the following theorem.

Theorem 1: For a group of aircraft given by the dynamics (1-6),
the choice of the following control algorithm

U, cos x; — U, sin y;
M. = arctan —— - -
‘ cos y;(Uy, + g) — siny;(U,, cos x; + U, sin x;)
(60)
cos y; (U, —siny;(U,. cos x; + U, sin yx;
L. =m, ViU, + 8) ViU cos xi + Uy sing) o
oS UL,

T, = mj[siny;(Uy, + &) + cos y; (U, cos x; + Uy, sin ;)]

L2
2K, o 62)
U,
Uy, = Fn,- - Fud, + FL‘, (63)
Uy,
Fn, =2jd,_clei_c2éi (64)
Fo, = ¥,Cp, (65)

Cpy, = T'Proj (kLIJ,-Té,» + > ¢y VI, ¢3]A,-T/-) (66)
(i.j)e€

FC, = Z m( Al]qu Al] kd¢[/) (67)

will ensure that all signals are bounded, the signals ¢; and q.ﬁl- j
asymptotically converge to zero.

Remark 1: The inner-loop variables to be controlled are the lift L;
(or angle of attack «;), bank angle p;, and sideslip angle f;, whereas
the output variables of the controller are the control surface
deflections of aileron, elevator, and rudder, §,,, 8,, and ,,. From the
aircraft equations of motion, L; and i, are functions of the body-axis
angular velocities p;, g;, and r;. Considering an additional output ;
for control, the required angular velocities can be determined by
solving the equations which relate L;, jt;, /3 ;10 pi, q;, 1;. Then, using
the timescale separation and singular perturbation theory, one can
design the inner-loop to obtain the control surface deflection of
aileron, elevation, and rudder, §,,,, 8,,, and §,,.

Remark 2: Safe distance between two communicating aircraft can
be maintained by modifying the distance constraint function. This is
achieved by modifying each distance constraint function to the
following form:

I g — q; I _dij

— 2 VYV (i,j)ef (68)
I g —d4j | —r,

¢ij =

where r, denotes the safe distance between any two communicating
aircraft. The derivative of ¢;; with respect to time is given by

. d.. — —a) (5. — o
b= (dij — r)(q q,z) (g —4)) 69)
(g — q; | —r)? Il g; —dqj I
Since z;'S,- ; 1s bounded and
lim ¢ (qij 4iy) =00, V (i,j) €€ (70)
lgi—aq;jll—rs+

any pair of communicating aircraft will never enter the unsafe region
givenby Q = {q;;: || g; — g; | < r,}. Note that it is assumed that the
initial distance between any two communicating aircraft is larger
than the safe distance.

IV. Simulations

The performance of three aircraft flying in a V formation along a
straight path is evaluated. The distributed control law given in
Theorem 1 is applied. Each aircraft in the group starts from an
arbitrary location that does not satisfy the constraint equations. The
desired formation is defined as a V shape with the length of the edges
equal to 100 m and at the same height of 300 m. The desired
navigation trajectory for each vehicle within the V formation is taken
as a straight line with a constant velocity of 40 m/s. The information
flow graph is defined as aircraft 3 communicating with aircraft 1 and
2, whereas there is no communication between aircraft 1 and 2. The

350
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‘» 200
8_ = = = aircraft 3
< 150

100 4

0-1000
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Fig. 3 Three-dimensional view of triangle formation.

X position (m)
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Fig. 6 Tracking error.

initial positions of the three aircraft are given by g¢,(0)=
[200,0,125]" m, ¢,(0) =[—100,125,125]" m, and ¢5(0)=
[100, 220, 180]" m, and initial heading angles and flight-path angles
are zero. The drag coefficients are Cpp, = 0.02 and K; = 0.25 for
each aircraft. To evaluate the performance of the adaptive controller,

the initial value of the drag coefficient estimate o) p,; 18 taken as 0.016,
which reflects as a 20% uncertainty on the true value. The adaptation
gain value is chosen as I' = 10, 000. The lower and upper bounds on
the parameter for the projection algorithm are chosen as 0.014 and
0.026, respectively, and the tolerance is chosen as € = 0.25. The gain
parameters for each aircraft in the distributed control algorithm are
selected as ¢, = 2, ¢, = 2.8, k; = 2.6, and k = 1.8. The simulation
result is shown in a three-dimensional view in Fig. 3 and a projection
view onto the xy plane in Fig. 4. Each aircraft in the group starts at the
initial position denoted by o, and reaches a desired triangle formation
while approaching the desired navigation trajectory. The
corresponding interaircraft distance is shown in Fig. 5. The tracking
error of each aircraft is shown in Fig. 6.

V. Conclusions

Based on the theory of constraint forces in analytical dynamics, a
stable, distributed control algorithm for multiple aircraft formation
flight has been developed. The nonlinear dynamics of each aircraft is
feedback linearized with the output as positions of the center of
gravity of the aircraft in an Earth-based reference frame. Given a
formation, an information flow pattern, and a desired trajectory, the
distributed control algorithm developed for each aircraft in the group
is capable of achieving and maintaining the formation along the
desired group trajectory. Moreover, the proposed distributed
algorithm can also adaptively compensate for the uncertainty in the
drag parameter coefficient. Simulation results on an example
formation of a group were shown to corroborate the proposed
algorithm.
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